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Abstract

In this paper, we present a method for constructing invariant solutions of the
supersymmetric Chaplygin gasin (1 + 1) dimensions. This approach is based on
the use of a generalized Legendre transformation, through which we transform
the original field equations into a new set of equations involving the velocity
and sound speed of the fluid as independent variables. We describe the Lie
symmetry properties of the equations in both coordinate systems, and make use
of a systematic subgroup classification to determine certain classes of group-
invariant solutions of the transformed field equations. Where it is possible,
the Legendre transformation is applied in reverse in order to obtain equivalent
solutions of the standard field equations. A number of analytic solutions of
the supersymmetric Chaplygin gas in one spatial dimension are found. In
addition, certain basic elements of a possible extension of our method to the
supersymmetric Chaplygin gas in two spatial dimensions have been formulated.
In particular, the (2 + 1)-dimensional analogue of the transformed equation has
been determined, and some of its Lie point symmetries have been identified.
For a certain specific case, it has been demonstrated how an invariant solution
can be inverted and then extended to a solution of the planar supersymmetric
model.

PACS numbers: 02.20.Sv, 12.60.Jv, 02.30.Jr, 47.10.+¢g

1. Introduction

A few years ago, a series of lectures were given by R Jackiw on the subject of fluid mechanics
[1]. A number of topics were covered, including a general description of fluids with vanishing
and non-vanishing vorticity and the properties of certain specific models. In particular, it was
shown that two distinct parametrizations of the Nambu—Goto action for a d-brane evolving in
a (d + 1, 1)-dimensional target space—time lead respectively to two specific fluid dynamical
models, namely the Galileo-invariant Chaplygin gas in d spatial dimensions and the Poincaré-
invariant Born—Infeld model for a scalar in d spatial dimensions. The symmetry Lie algebras

0305-4470/05/306803+20$30.00  © 2005 IOP Publishing Ltd  Printed in the UK 6803


http://dx.doi.org/10.1088/0305-4470/38/30/014
mailto:hariton@dms.umontreal.ca
mailto:hussin@dms.umontreal.ca
http://stacks.iop.org/ja/38/6803

6804 A J Hariton and V Hussin

of the Chaplygin and Born—Infeld equations in one spatial dimension were systematically
analysed, and a full classification of the one- and two-dimensional subalgebras was performed
[2, 3]. A number of classes of invariant and partially invariant solutions were obtained.

In addition, a number of highly original theories of fluid mechanics were proposed
by Jackiw et al [1]. These extensions of the classical theory were based primarily on the
application of methods previously used in particle physics to the context of a classical field
theory. Of special interest was the generalization of the Chaplygin gas models in one and two
spatial dimensions to supersymmetric theories involving Grassmann (fermionic) variables.
Unlike other supersymmetric extensions of fluid mechanics (see, for example, [4, 5]), these
theories do not involve a superspace formulation. Nevertheless, the possibility of such a
formulation will be considered briefly in section 2.

While the one-dimensional case [6] is the main focus of this paper, a number of important
observations are made concerning the two-dimensional supersymmetric theory.

The primary purpose of this paper is to employ a generalized version of the Legendre
transformation in order to determine invariant solutions of the supersymmetric Chaplygin gas
in (1 + 1) dimensions. We want to put a new light on the equations of motion by solving
them while taking into account their invariance properties in the previously obtained results
[2]. Emphasis will be placed on the search for solutions through the formulation of the field
equations in the new transformed coordinates. Let us mention that the Legendre transformation
leads to a linearization of the equations only for the one-dimensional supersymmetric theory.
In this case, the general solution can be obtained. Our aim in searching for special solutions
is to understand deeply the connection between invariant solutions in both coordinate systems
and eventually use them to fully extend our analysis to the supersymmetric model in (2 + 1)
dimensions.

This paper is organized as follows. In section 2, we examine the field equations for the
supersymmetric Chaplygin gas on a line, and present a method for constructing group-invariant
solutions through a generalization of the Legendre transformation. Section 3 is devoted to a
description of the Lie symmetry structure of both the standard equations of the (1 + 1)-
dimensional supersymmetric Chaplygin gas (Lie superalgebra G;) and their transformed
version (Lie algebra £). We recall the classification of one-dimensional subalgebras of the
bosonic sector of G, and then perform the same analysis for the one-dimensional subalgebras of
the finite sector of £. In section 4, we make use of the classification of £ in order to describe
and discuss certain classes of group-invariant solutions of the transformed field equations.
Where it is possible, the Legendre transformation is applied in reverse in order to obtain
equivalent solutions of the standard field equations which are then extended to full solutions of
the linear fermionic model. The connection between the latter and solutions obtained directly
from the classification of Gy is examined. In section 5, we discuss how our analysis could
be extended to the case of the supersymmetric Chaplygin gas on a plane, through the use of
a generalized Legendre transformation in three independent variables. Invariant solutions of
the planar supersymmetric model are obtained. Finally, section 6 contains observations and a
discussion of further applications of our results.

2. Supersymmetric Chaplygin gas in one dimension

A supersymmetric generalization of the Chaplygin gas on a line was proposed in 2001 by
Bergner and Jackiw [6]. The velocity of the fluid v is supplemented by a Grassmann variable
or fermionic field v (¢, x) such that

v="0, — 1V (1)
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The equations of motion read as

pr + 3 (pv) =0, 2

1 A A2A
0, + V0, = V> + = — Yy, (3)
2 p? 2p

%+<U+@> WX:() (4)

The continuity equation (2) and the Euler equation (3) are therefore modified from their
original form in order to include the Grassmann variable r, while equation (4) is new. The
velocity v satisfies the evolution equation

A

v + U, = O, (—2> ) ()
o

Instead of using the density p, we make use of the sound speed variable

§=—", (6)
P
so that the equations of motion (2)—(4) become
S; = —USy +SUy, (7)
0r = —v0, + 307 + 357 — 35U, ®)
Vi =—(+5)VYy, )

and equation (5) becomes
v+ VU, =SSy (10)

It is to be noted that in the case where ¥, = 0, equations (7)—(10) are decoupled, and that
solutions (6, s) of the supersymmetric equations are simply those of the ordinary (bosonic)
Chaplygin equations, while equation (9) becomes linear in .

The significance of the modified equations (7), (9) and (10) may be considered in the
context of another supersymmetric field theory. A supersymmetric generalization of the
Chaplygin gas equations was constructed by Das and Popowicz [5] in the field of polytropic
gas dynamics using a superspace formulation. However, it has been observed that choosing to
supplement the bosonic variables (o, v) with superspace (fermionic) variables does not lead to
a system of superequations that could be expanded to provide the set of field equations (2), (4)
and (5). By choosing instead the bosonic variables (s, v), along with the set of equations (7),
(9) and (10), it is possible to create an N = 1-superspace formulation for the field equations.
Indeed, if we define the two fermionic fields

S(t, x;0) = @ (t, x) +0s(t, x), V(t,x;0) =@(t, x) +0v(t, x), (11)
for the N = 1-superspace (¢, x; '), where ¥ satisfies 92 = 0, we may construct the
superequations

S, = —DVD?S+DSD?V, V, = =DV D*V + DSD*S, (12)

using the supercovariant derivative defined as D = 9y + ©#d,. Separating the fermionic and
bosonic components of the superequations (12), we easily recover equations (7) and (10) for
the bosonic variables while, for the fermionic variables, we obtain

Y1, = —VQ1 52 4, Y2, =~V + 5P . (13)
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It is evident that equation (9) will be recovered if we take ¥ = ¢; — ¢,. Such a system (12)
refers in fact to a so-called SUSY-B extension of the Chaplygin gas [5].

Let us recall that the Legendre transformation has been performed on the bosonic
Chaplygin gas equations (i.e. when ¥ = 0) in order to linearize them and obtain the general
solution [1]. Using this result as an inspiration, we extend the method to the supersymmetric
case. We begin with the dependent variables

q="0— 3V, v="0 — 3V (14)
Using equations (8) and (9) to substitute the values of 6, and v, into ¢, we obtain the following
relationship which links s to v and ¢:

s2=2q+v2. (15)

Later, it will be convenient to use the (s, v) coordinate system instead of (¢, v). Equation (7),
when expressed in terms of v and ¢ then becomes

aq dv dq av
—+v|—+—)—29g— =0. (16)
at at  ox 0x

We modify equation (16) to a differential equation for x and # in terms of v and ¢g. Indeed, the
change of variables (¢, x) <> (g, v) implies that

e __ldvoax_ldg b _1dv @ 1 -
dq J ot’ v Jat’ ag  Jox’ v Jax’
where J = 9d(q, v)/d(¢, x) is the Jacobian of the change of variables. Equation (16) is then
transformed to
—a—x+v<a—x+g>+2q2=0. (18)
av dqg dv aq

By analogy with the ordinary case, we postulate the existence of a function W = W(q, v)
such that

=Wy, x = W,. (19)
Equation (18) can be rewritten through relations (19) as
Wy — 20Wy, —2qW,, = 0. (20)

We now change to the coordinates (s, v). Using (15) and writing W(q, v) = W(s, v), we
finally get the equation

2
va - ‘/Vss + _Wc - 07 (21)
s
for which the general solution is given by Jackiw [1]:
W,s)=fw+s)—sf(v+s)+gv—s)+sg'(v—ys), (22)

where f and g are arbitrary functions in their respective arguments.
We must now incorporate the fermionic field ¥ (¢, x) into this framework. We begin by
expressing ¥ in terms of the coordinates s and v:

Y(t,x) =Y (i(s,v), x(s,v)) = x(s,v). (23)
Using the change of variables in the derivatives given by
0 = 8;05 + 0,0y, Oy = Sy 05 + Uy 0y, 24)

and the fact that s, and v; may be deduced from (7) and (10), we deduce the equation on y
from equation (9). Indeed, we get

(sx + ) (X5 + xv) =0, (25)
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which implies that

Xs + Xo =0, (26)
if s, + v, # 0. The general solution is therefore
x(s,v) = (v —ys), 27

where ¢ is an arbitrary function of v — s. This has been deduced directly by Jackiw [1]. Let
us show that the condition s, + v, # 0 is in fact redundant if we take into account the form
(22) of the general solution W. Indeed,

Sy t Uy = 0 <~ S(Ww - Wss) + WY = 07 (S 7& 0), (28)
since we can write (from (15), (17) and (19))
J at ot J
Sx = —\V— — — =__sts (29)
s \dg dv 52
at J
vy =J—= —3(sz — Wy). (30)
aq s

Inserting W = (22) into (28), we get g”’ = 0. Using g(v — s) = a(v — s)> + b(v — 5) +c, the
original variables ¢ and x may be written (from (19) and (22)) as
t=—f"(v+s)—2a, x=f(w+s)—@W+s)f'(v+s)+b, (31)

showing that the change of variables (¢, x) <> (s, v) is not invertible.

3. Structure of the symmetry Lie superalgebra

3.1. The standard form of the field equation

The Lie algebra G of the supersymmetric Chaplygin gas equations (2)—(4) in one spatial
dimension is spanned by the six independent vector fields [2, 7]:

Py = 0,, P, =0,, B =10, +x0y, Z = 0y,

32
Dy =213, +x9, + pd,, Dy = x0, +2005 — pd, + Y. 52)

Here, Py and P; represent translations in the independent variables ¢ and x respectively,
B consists of a Galilean boost, Z corresponds to a shift in the potential 6, and D and D, are
dilations in the dependent and independent variables. In addition, we have the following two
supersymmetries which link the bosonic and fermionic variables:

1 V2 1 V2
O =90, — pYid, + <51//0x airye I/f) g + <—1Wx — O + —) Ay, (33)
0 2 Iy

and
0 =—3%d — dy. (34

These transformations correspond to the conserved charges and supercharges identified by
Jackiw and Bergner [1, 6], and can be derived by the use of Noether’s theorem. It should
be mentioned that the vector field O essentially produces a translation of the dependent
fermionic variable, i.e. ¥’ = i + #j for §j a fermionic constant, while the vector field Q
implies a transformation mixing dependent and independent variables, i.e. x' = x + ny,
where again 7 is a fermionic constant. This last supersymmetric transformation also leads
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Table 1. Supercommutation table for the Lie superalgebra G;.

X\Y D, D> B Z P Py 0 Q
Dy 0 0 B 0 —-P, 2Py -0 0
D 0 0 -B 27 —P 0 0 -0
B —B B 0 0 —-Z =P 1) 0
Z 0 2Z 0 0 0 0 0 0
P P P Z 0 0 0 0 0
Py 2P, 0 P 0 0 0 0 0
0 0 0 -0 0 0 0 2Py —P
0 0 0 0 0 0 0 —Py Z

to ¥ = ¥ + n(s — v) and could probably be related to the transformation included in the
superspace formulation (12), i.e. @ = 9y — 9 9;.

The vector fields (32)—(34) therefore generate a Lie superalgebra G, whose
supercommutation relations are given in table 1. It should be noted that these relations
consist of commutators

[A,B]= AB — BA, (35)
in the case where at least one of A and B is even (bosonic), and of anticommutators
{A, B} = AB + BA, (36)

in the case where both A and B are odd (fermionic).

The classification of subalgebras of the bosonic sector G of G, has already been performed
[2, 3]. We are interested here only in one-dimensional such subalgebras. There are the splitting
subalgebras

Ly ={D1}, Ly ={D}, L3 = {B}, Lsa={D1+aD,,a € R\{0}},
Lse={D1+Dy+¢eB, e ==1}, N1 = {Py}, N> = {P}, (37)
N3 = (7}, Nye={Z+¢ePy, e =1},
and the non-splitting ones

Kie={D1+¢Z, & = %1}, Kre={D1 — Dy +eP,e = %1},

Kse ={D2+¢ePy, e = %1}, Kae={B+ePy, e ==x1}. 38)

All these subalgebras, except A3 which does not contain any derivative with respect to the
independent variables ¢ and x, have been used to construct specific invariant solutions of
equations (2) and (3) in the bosonic case. [2]. Generators of supersymmetries like (33) and
(34) cannot be included because they give rise by anticommutation to a bosonic generator,
leading thus to a two-dimensional subalgebra. For instance, any subsuperalgebra containing
the generator Q must necessarily also contain Py. Consequently, any solution invariant under
Q will belong to the class of invariant solutions corresponding to subalgebra N}, and will
therefore not be fundamentally distinguishable from solutions obtained from A/].

3.2. The transformed equation

Let us now consider the Lie algebra £ of the transformed equation (21). It is easy to show [§]
that this algebra is spanned by the generators:

D = 50, +v9, + Wy, V=20, C = svd, + 1 (s> + 1), + vWay,
M = Wiy, Sg = B(s, v)ow,

(39)
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where the function 8 satisfies equation (21). It should be noted that, in contrast to the Lie
algebra G in the case of the standard equations, £ contains an infinite-dimensional family
of symmetries Sg. This allows us to extend our invariance analysis to a much greater class
of subalgebras, and therefore potentially obtain additional invariant solutions of the one-
dimensional supersymmetric model. Since the system of transformed equations (21) and (26)
is decoupled and moreover the equation for x is linear, the symmetries of equation (21) can
be analysed separately.

The superalgebra £, of the complete system of transformed equations (21) and (26)
contains the symmetries given in (39) in addition to the following generators which involve
the fermionic field x. We have two families of fermionic generators (supersymmetries):

Qy =a(v —15)d,, Roy = w(V — )0y, 40)

where « is an arbitrary bosonic function of v — s, and w is an arbitrary fermionic function of
v — s. We also have their bosonic counterparts:

A, =A(v —5)0y, Be =k —5)x0y, 41

where A is now fermionic, and « bosonic. The supercommutation relations of the superalgebra
L, are summarized in table 2. In addition, for any two solutions $; and B, of equation (21),
[S,gl, S/32] = 0, and we also have [AM, A,\z] =0, [BK,, B,(z] =0, {Qa,, Qaz} =0, {Rwl,
sz} = 0. Since the generators A,, B,, Q, and R, do not involve derivatives with respect to
the independent variables s and v, they cannot be used to obtain invariant solutions through
the classical method of symmetry reduction. We therefore concentrate on the bosonic sector
L of the algebra rather than on the complete superalgebra L.

In order to classify the subalgebras, we decompose the structure of £ into the following
form:

L={D,V.C}»{M}} »p (S} (42)
Concentrating once again on the one-dimensional subalgebras, we perform the classification
in three steps [9].

(i) The simple algebra F = {D, V, C} is isomorphic to the Lie algebra o(2, 1) whose
subalgebra classification is known [9]. Its one-dimensional subalgebras are

Fi1 ={D}, Frz2 ={V}, Fi3={2V +C}. (43)
(ii) Next, we consider the direct sum
S={D,V,C} > {M}}. (44)
The one-dimensional splitting subalgebras of S are
S = {M}, S ={D}, Sy ={V}, Sy ={2V+C}. (45)
In addition, we obtain the following non-splitting subalgebras of S:
Ssq={D+aM,a # 0}, See ={V+eM,e ==£1}, 46)

S1u={2V+C+aM,a #0}.

(iii) The complete Lie algebra L is constructed through the semi-direct sum of the previously
considered algebra S with the infinite-dimensional Lie algebra spanned by the generators
Sg. Each solution (s, v) of equation (21) imposes a different structure on the further
classification of the subalgebras of the semi-direct sum. We will consider several instances
of this.

The usefulness of the classification is demonstrated in the fact that it allows us to find
all corresponding symmetry reductions of equation (21) under the classified non-equivalent
subalgebras of the symmetry algebra S.



Table 2. Supercommutation table for the Lie superalgebra £, spanned by the vector fields (39).

X\Y D 1 C M Sp A, B Qo Ro
D 0 -V C 0 S(sﬁA +vBy—B) A(u—s))J B(U—x);(’ Q(v—.v)a/ R(v—s)w/
% v 0 D 0 Sg, Ay By Qy Ry
C -C -D 0 0 S(svﬁ; ope (A.zﬂéz)ﬂu ) A (l,ﬂ;zy B (U,Az)zK/ Q (v,;)zar R (U,A.Z)zw/
M 0 0 0 0 —Sg 0 0 0 0
Sﬁ S(ﬁ*Sﬂs*Uﬁv) 7Sﬂt! S(vﬂfsvﬂsf (524-1;2)/5;,\ ) Sﬁ 0 0 0 0 0
A, As—oys Ay —A 0 0 0 Ase 0 ~Qio
2
BK B(s—v)x’ —B,(’ —Bw,x)z,(/ 0 0 _AAK 0 _QD(K 0
2
Qo{ Q(sfu)a’ 7Qo¢’ *QM 0 0 0 Qou( 0 ,Aaw
2
Ro R(x—v)w’ —Rew -R (v=5)20' 0 0 Qo 0 —Aww 0
2

0189
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Table 3. Invariants of the one-dimensional subalgebras of S.

Subalgebra Symmetry variable(s)  Function W

{M} E=s,v No function

(D} E=1 W =sF()

{V} §=s W =F(§)

Q2v+c) == W = sF(&)

(D +aM,a # 0} g=12 W = s F (&)

(V+eM, e =+1) E=s W = eV F(£)
QV+C+aM,a#0) &= 2204 W= sed ! (P p e

Table 4. Reduced equations and solutions W (s, v) obtained from one-dimensional subalgebras of
S(Ko and K are arbitrary constants).

Subalgebra Reduced equation(s) Solution W (s, v)
(D} (1 — &) Feg — 26F +2F =0 Kov + K15 — %Kluln(g)
{V} %Fg*Fgg=0 %K0S3+K1
2V +C} (E2+16)Fg +26F; —2F =0 Ko(s> —v2 =) + Ky (s + (2 =7
2 ao—1 (($2=v?—4
—v® —4)tan (%))
(D — M) (1 — &) Fe —4£F: =0 Ko (ln(%)+52222>+K1
{D+M} (1 —E)Fee +2F =0 Ko(s? =) + Ki (vs + 3% = ) In (1))
{D+aM}z-1,01 (1 — &Y Fee +2(a — DEF: Ko(v — 5)% (v +as) + K1 (v +5)* (v — as)
—@+D@—-2)F=0
{V+eM}eosn Fge—3Fe—F=0 Ko(s — 1) et + Ky (s + 1) e
2V + C +aM}(az0) (2 +16)2 Fre +26(E2 + 16) Fx ed ! (=) [K0(52 — 12 —4+250)
267 +16+20)F =0 (G rae -y

+4+2sa) ( (v+s—2i) (v—s5+2i) )“f ]

(—v+s+21) (v+s+21)

4. Group-invariant solutions

4.1. Solutions of the bosonic model

In this section, we proceed to describe the solutions of the transformed differential
equation (21) which are invariant under the one-dimensional subalgebras of S. For each
conjugacy class given above, we evaluate the invariants of the corresponding Lie subalgebra,
and also the corresponding reduced differential equation. From the solution of each
reduced equation, we obtain the respective solution W (s, v) of the transformed differential
equation (21), and the results are summarized in tables 3 and 4. In addition, we also consider
certain subalgebras of £ involving generators of type Sg.

Where it is possible, the Legendre transformation is applied in reverse in order to obtain
the solutions 6 (¢, x), o (¢, x) and ¥ (¢, x) of the original Chaplygin equations. We may proceed
directly from the system of coordinates (s, v, W(s, v)) to the standard system of coordinates
(t, x, 0(¢, x)) through the following procedure. We first determine ¢ and x as functions of s
and v through the relations

1
f=—-W,, x=-W, - 2w, (47)
S S
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Table 5. Bosonic solutions obtained from one-dimensional subalgebras of S.

Subalgebra  Solution 0(¢, x), p(t, x) Link with the algebra G
2 3
v} 0.0 =5+ g+ Ki {B}
p(t,x) = — Y2k
K} 2 (1
(D} 6(t,x) = — 5t cosh? (£ (x + K0)) {D1 — Dy)
Pt x) = — 2200
K/ cosh? (%1@*1(0))
2
(D=M}  00.x) = Koln (54250 ) 4 g, (D1}
_ 16K312—x*
p(t, x) = ~/2A (W
2 (l+eKrl('+2K0>)
S N
{D+M) 0. x) = —4g; (liekl"(/»fzxo)) (D2}
plt, x) = — 202
(D+2M)  O(t,x) = KL WKV i £ p L 3py B epy)

108K2 /4K§*K|2 6Ko  108K2
[4K2—K?
p(t, x) =320 =L

V12Kogx—12

This change of variables can in principle be inverted (provided that the Jacobian J does not
vanish), and we obtain s and v as functions of 7 and x. The solution p (¢, x) is directly obtained
through the relation

V21

t,x) = , 48
p(t, x) ST (48)
and the function (¢, x) is determined by

0(t, x) = W(s,v) +xv + 31 (s> —v?). (49)

The solutions 6(¢, x) constructed through the above procedure are compared with those
determined directly in [2] from the subgroup structure of the standard equations. The results
are presented in table 5. In the case of subalgebra {D + 2M}, we obtain an equivalence with
two distinct subalgebras, {D; + 3D,} and {B + ¢Py}. This occurs because the associated
solution is in fact invariant under the two-dimensional subalgebra {D; +3D,, B + ¢ Py}, which
indicates that the two distinct one-dimensional subalgebras generate the same orbit.

Let us demonstrate the procedure through the following example. For the subalgebra
{D + M}, the general solution of the transformed equation (21) is

2_ .2 L vts
W(s,v) = Ko(s“ — v°) + K, vs+§(s —v9)In . (50)
v—s§
From relations (47), we get the transformation
v+s
t:—ZKO—Klln( ) x = —2K;s, (1))
v—s§
which may be inverted to give
1 (1 +e7,<¢1(z+21(0)) 1
V= —— X —— §=——12X. (52)
2K, (1 _ e*,?l(t*'ZKo)) 2K,
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Equation (49) then yields the solution

%2 (1+eKl_](’+2K°))

ot,x) =———-—"-——~|
(, x) 4K, (1 _ eK;‘(HzKO))

(53)

which is of the same form as the solution invariant under the subalgebra { D,} of G, as expected
from the fact that the change of variables (51) transforms the differential operator sd; + vd,
to x0,.

4.2. Additional subalgebras of S

We now return to the discussion of the solution for the subalgebra {D + aM} where
a # 0, £1, 2. The solution in (s, v) space is given by

W(s,v) = Kog(v —$)*(v+as) + K;(v+s)(v—as), (54)
so that the transformations to the (¢, x) coordinate system are given by

t=a(@+1D)(Ko(w— )"+ Ki(v+s)h),

x = (a® — 1)(Ko(v — $)* + K1 (v +5)9),
which is not easy to invert in the general case. The corresponding solution 6 (¢, x) may,
however, be written in terms of the variables v and s:

0(t, x) = Sala — D(Ko(v — )" + K (v +5)**). (56)
If we proceed to use the change of variables (55) to transform the differential operator sd; + vd,
in a manner analogous to that performed for the case {D + M} above, we find

s0; +vdy, — (a — 1)td; + axo,. &)
This is equivalent to the independent variable terms in the vector field ((a — 1)/2)D; +
((a +1)/2) D, in the (z, x) space. Thus we make the correspondence

D+aM <« (a—1)D;+ (a+1)D,. (58)
This is consistent with the results given in table 5. Indeed, the cases ¢ = 0,—1,1,2
respectively link subalgebras {D}, {D — M},{D + M},{D + 2M} in (s, v) space with

subalgebras {D; — D}, {D1}, {D,} and {D| + 3D} in (¢, x) space.
Let us mention in particular the new case where a = 1/2. The invariants are

(55)

£ = % 52w, (59)
so that the solution W (s, v) of equation (21) is of the form
W=Ko(v—9"(v+is)+Ki(v+s)"* (v—1s). (60)
From relations (47), we get the transformation
x=—3Ko(v—9"*=32K v+, t=2Kow—5)""?+3Kw+s)"2 (6])

The Jacobian J is given by

9KQK15
T 16(v — $)32(v + 5)3/2
and so the constants K, and K; must both be non-zero if solution (60) is to be invertible
through the Legendre transformation. In the specific case where Ky = K; we can invert
relations (61) to obtain

4 8x2
s = —xz,/9K§xt +4x2¢2, v = iz + f. (63)
9Kt 9KZ " 1

J =

(62)
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The corresponding solution is therefore given by

2 8x3 921 K3t
01, x) = — + —~ 0

+—, pt,x) = .
2
2t 27Ky 4x,[OK2xt +4x212

This corresponds to a solution invariant under the subalgebra { D; — 3D,} of G, which has not
been given before.
For the subalgebra {V + ¢ M}, the solution is given by

(64)

W(s,v) = Ko(s — 1) e“"™ + K (s +1) e, (65)
The transformations linking the (¢, x) and (s, v) coordinate systems are given by
= _KO es+£u + Kl efs+£u’
: (66)
x=—Kow+(s—1De)e™™ + Ki(v— (s +1)g) e ",

Since the Jacobian cannot be allowed to vanish, the constants K and K are required to be
nonzero. Even in the simplest case where Ky = K, the change of variables (66) is difficult to
invert. In terms of the variables s and v, the corresponding solution 6 (#, x) can be written as

0(t, x) = Ko((1 —ev)(s — 1) — 2 (0% +5%)) e
+Ki((1—sv)(s+ 1)+ 1 (0% +57)) e, (67)

If we proceed to use the change of variables (66) to transform the differential operator, we
obtain

9, — €19, + (ex +1) 3, (68)
=19, +&(xd, +19,). (69)

This is equivalent to the independent variable terms in the vector field B + %8(D1 + D) in the
(t, x) space, which is similar but not identical to the subalgebra {D; + D, + ¢ B} identified in
(37). The solution corresponding to this particular subalgebra had not been found previously.

For the subalgebras {2V + C}, and {2V + C +a M}, the change of variables (47) is difficult
to invert, and corresponding solutions of the field equations in (¢, x) space have not been found.
In the case of {2V + C}, we require that K; be non-zero in order to obtain a nonvanishing
Jacobian. For {2V + C + aM}, both K\ and K| must be different from zero.

4.3. Subalgebras involving Sg

The question arises as to whether additional solutions of the field equations (2)—(4) may be
found from subalgebras involving generators of the form Sg. Let us observe the effect of
applying group conjugation by such an element to the generator V = 9d,. If we define

Y =kSpg = kB (s, v)ow, (70)
where £ is a constant, then the commutator terms in the Campbell-Baker—Hausdorff formula
read as
[Y,V]=—kSg,, [Y,[Y,V]] =0, [y,[y,[y,viili=o,..., 71
so that the generator V is conjugate to V — kSg . Thus, in order to obtain a new solution which

is not a trivial extension of the solution already found for V, we must consider the subalgebra
spanned by an element of the form V + S, where «(s, v) obeys the following conditions:

(i) « is a solution of equation (21),
(ii) there does not exist any solution B(s, v) of (21) such that « = g,.
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Thus, for instance, since the function B(s, v) = kv (k is a constant) is such that 8, = k, the
subalgebra {V + S} is conjugate to {V}. In this case, the associated invariant solution is found
to be

W(s,v) = 1Kos® + K| + kv, (72)
which is simply a linear combination of solutions previously determined for subalgebras {V}
and {D}. In (¢, x) space, we obtain the solution
et k? 1

9(t,x)— 2 +W+K1, (73)
0

which differs from the case found for V only by the addition of a constant to x.
For the general case, consider the subalgebra spanned by the generator

V48, =0, +als, v)ow. (74)

A solution W (s, v) invariant under this subalgebra must take the form

Ws,v) = /a(s, £)d& + F(s), (75)

and it is manifest that if such a solution exists, then W, = «, which implies that the generator
(74) is conjugate to V.

A similar principle applies if we seek solutions invariant under a subalgebra of the form
D +aM + S,, where a # 0 and « are solution of (21). The resulting solution will be
fundamentally different from those previously found only if there does not exist a solution
of (21) such that

(a+1)B —sB; —vB, =0. (76)
A solution W (s, v) invariant under this subalgebra must take the form
W(s, v) = s (F (3) +/ (0, v) da) : 77)
s O—a+2

For the general case, it has not been determined which conditions apply on the function «
in order to satisfy condition (76). In three specific instances, however, solutions have been
obtained which are not linear combinations of those previously determined. Indeed, this
allows us to establish a link with solutions already found for the subalgebras K, K, and
K3 [2].

(i) For B = 1, let us consider the subalgebra {D — M + ceS;}. The invariants are

£ = g W — (ce) In(s), (78)
so that the solution W (s, v) of equation (21) is of the form

W, v) = F (E) + (ce) In(s), (79)
where F satisfies the following differential equation:

(1 — &%) Fee — 4E F; +3ce = 0. (80)

The solution is given by

1 vV+s I s 1 s 2 52
W(S,U)=C] (Zln<v_s>_§U2_52)+08(§ln(v — S )+m +C2.

(81)
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The change of variables (47) is difficult to invert in the general case, but in the specific
case where C; = 0 we obtain

gcx 2x? +4dec’t
v(t,x) = Ty s(t,x) = —m, (82)
and the equivalent solution of the Chaplygin gas equation is thus
O(t,x) = lcz;“ In (2702> — Ecs +C,. (83)
’ 2 x2 + 2ect 2
This corresponds to a solution invariant under the subalgebra K; of G.
(i) For B = v, let us take the subalgebra {D + ceS,}. The invariants are
v w
&= -, — — (c&) In(v), (84)
s v
so that the solution W (s, v) of equation (21) is of the form
W(s,v) = vF (g) + (ce)vIn(v), (85)

where F satisfies
(82 — EYFee + (26 — 4EY)Fe +ce = 0. (86)
The solution is given by

— S

v+s

1 v 1 2 2
Wes,v)=Ci s+ Evln + Chv + Ecsvln(v —5°). 87)

In the specific case where C; = 0 we obtain

2
vix) = TeFWO s = \/ Dem e _ e, (88)
c c
and the equivalent solution of the Chaplygin gas equation is found to be
0(t,x) = —Lre T+, (89)

This corresponds to a solution invariant under the subalgebra K, of G.

(iii) For B = s> — v?, let us take the subalgebra {D + M + ceS(;2—y2)}. The invariants are
v w

&= s 52 — 2
so that the solution W (s, v) of equation (21) is of the form

- %(cs) In(s> — v?), (90)

Ws,v) = (52— v))F (3) + L e(s? — vByIns? — o2, 1)
s 2
where F satisfies
(6% — 282 + 1) Fee + (487 — 4&)F; — 2ce = 0. (92)

The solution is given by

W, v) = C) <1sv + 16— vy ( vrs )) +Co(s® — v?)

2 4 —
1
+ce (s2 + E(s2 —v)In(s? — vz)> . 93)
In the specific case where C; = 0 we obtain
2
v(t, x) = —‘;—j, s(t,x) = \/:? +e (#3cer2Ca) (94)

and the equivalent solution of the Chaplygin gas equation is therefore
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Table 6. Fermionic potential v/ (¢, x) corresponding to the bosonic solutions.

Subalgebra Solution ¥ (#, x)
W) 0 = (3+4)
(D} v 0 = p(5 (1+e D))
{D— M) V(e x) = ¢ (o)

{D+2M)} Y, x)=¢

(
(D+ M) waw>:¢((5%§$—3)

o %(Kl — 2Kg) YKo t2>
[4AK3—K}

[p+1m] vt x) = ( " 91<§xz+4x2r2>
(J
4ecdr— 26 xt+cx?—ecx3

(D — M +ceS)} Yt x) = ( T )

{D +ceSy} Y, x) = (a; 2 @+0) _ t2 e () _ —24<x+cz>>
c

(D+M+ceSa_p} Yt x) = (8— + ' e “*3”*”2))

g 1 e
O(t, x) = ——x* — —ce e IH3ce2Cr) (95)
4c 2

This corresponds to a solution invariant under the subalgebra K3 of G.

4.4. Solutions of the linear supersymmetric model

Solutions of the complete linear supersymmetric model can be determined from the solutions
of the bosonic model described in the previous subsections. The fermionic scalar ¥ (¢, x) is
found through equation (27) by substituting the previously determined values of s and v as
functions of # and x

Yt x) =9 —ys), (96)

where ¢ is an arbitrary function. The resulting functions for each of the cases which we were
able to successfully invert in the subsections above are listed in table 6.

5. Extension to the (2 + 1)-dimensional case

5.1. Standard form of the planar model and invariant superalgebra

We now proceed to examine the supersymmetric planar model proposed by Jackiw and
Polychronakos [10] and make a few observations concerning the possibility of extending our
analysis to the (2 + 1)-dimensional case. Here, the velocity v of the fluid is supplemented
by Grassmann (fermionic) variables v,, a = 1, 2 that form a Majorana spinor i (real, two-
component) [1]. The velocity is then

v=V0 - 1y'Vy, 97

where 6 is the bosonic scalar potential. The field equations which govern the motion of the
supersymmetric fluid, and involve the potentials & and i and the density of the fluid p, read
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as
1 A A2
0+ V- (pv) =0, O, +v-VO = v+ — + —y'a -V,
2 P2 2p
2\ o9
Vi+v-V = —a - Vi,
0
where
0 1 1 0
a = (a1, 2), Ot1=<1 0), 012=<0 _1>. 99

Combining the field equations (98) with (97), we obtain the following field equation for the
velocity:

2

A V2

Vi+(v-V)v=V <—> + —— (VY (a - V). (100)
P o

As in the one-dimensional case, a superalgebra of symmetries and supersymmetries of the
field equations (98) has been given [1, 10]. The symmetry generators are associated with
a nonrelativistic similitude algebra containing the six generators of the Galilean algebra in
(2 + 1) dimensions; i.e. [7]

Py =0, Py =9, P, =0y,
By =10, + x0y, By =13y + y0y, (101)
R = —y0, +x3y + 3¥ndy, — 19110y,,

along with the following dilations:

Dy =210, + x0x + ¥y + p0,, Dy = x0, +ydy, +2009 — pd, + Y10y, + Ydy,. (102)

In addition, we still have the potential shift symmetry Z = dg. Moreover, the following
supersymmetry transformations leave equations (98) invariant [1, 7]:

x'=x +nay, Y =y +nay, t=t,
1 V2
p'=p—ma-Vy)p 0 =9+§(naW)~V+3W, (103)
2\

Y=y - (Vean — —n,
0

and

x =x, y =y t'=t, P =p,

9/29_5771107 1///21#_7’77
where n = (n',7?) and fj = (', f?) correspond to fermionic constant parameters. The
corresponding supersymmetric infinitesimal generators are identified as

(104)

d 0

0= 1//25 + 1#15 — oW, + 1//1,)))%
1 1 1 1 2\ 0
+ (§9xlﬂ2 - Zlﬂliﬁl,xlﬂz + §9y1ﬂ1 - Zlﬁziﬁz,y% + %%) %0

1 V2r\ 9 1 9
+ (—Gy + Ewwy — 7) a—% + (—ex + 51&%) 8—1,02 (105)
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d a ad
0, = 1//15 - Wza —p(1x — Wz,y)%

19 1 19 1 A 2A 0

13 Yy — Zlﬂzllfz,xlﬂl 3 Vo + Zlﬂlilfl,ylﬂz'*' W‘/fz 20
1 0 1 v 2A 0
+ <—9x + 51//1/&) 3—101 + (9y - Elﬂlﬂy - T) 8—%’ (106)
and

- 1 0 0
0 Z_EI/”%_E)—W (107)
AL, 0 9 108
QZ__2%89_81/Q’ (108)

where Q) is associated with n', Q, with 2, O, with 7' and Q, with 7>. The commutation
relations between all the infinitesimal generators can be easily computed through the use of
prolongation formulae (see chapters 2 and 5 of [8]).

5.2. Transformed equation

The desired result would be to find a system of transformed equations analogous to (21)
and (26) in order to solve the field equations (98) through the use of a generalized Legendre
transformation in two spatial dimensions. This has not yet been achieved for the general
(2 + 1)-dimensional case, but a few elements of the theory can be discussed. In analogy with
the transformation (14), we set

q="06 -39V, v =6, — 39" Y, v =0, — 39"y, (109)
and we postulate the existence of a function w(q, v, v,) such that
0(t,x,y)+w(g, v, v2) =1tq+xv; + yv,. (110)

As in the one-dimensional case, we once again introduce the sound speed s = /21 /p. Making
use of the field equations (98), we obtain the following relation between s, ¢, v; and v;:

s2=2q+vf+v%. (111)
Finally, if we consider w as a function of s, v; and v, such that
w(q, vi, v2) = W(s, v, v2), (112)

the field equation for & may be transformed to the following uniformly quadratic equation
for W:

_3(W\')2 - 25Wv Wvlvl - 2SWY Wv2v2 + ZSWY Wm + Sz(Wvlvz)z - Sle)lU] Wv2v2
+ 52 Woy0, Wy + 52 Wiy Ws — 52(Ways)® = 52(Wa)* = 0. (113)

The symmetry Lie algebra of this equation has not been fully determined, but the following
generators constitute a partial list:

D = Sas + vlavl + v23v2 + Waw, V] = Bvl, V2 = 81)29
M = Wiy, R, = —Uzavl + vlavz. (114)
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The fermionic set of equations in (98) must also be written in the new variables (s, vy, v2).
The explicit form is in fact very complicated and will not be relevant here. It is obtained by
making the change of variables (¢, x, y) <> (s, vi, v2) in the set of equations:

Vi, =—viyi, — (s —v)¥i,+s¥2,, (115)
Vo, =—viYa, — (s+v)¥2, +sY1 . (116)

It is important to mention here that in the new variables the transformed equations decouple
and it is therefore reasonable to suppose that solutions of equation (113) could serve as the
primary element in the construction of solutions of the planar supersymmetric model in the
general case.

5.3. Invariant solutions of the supersymmetric planar model

The question arises as to whether it is possible to find solutions of the planar model which are
invariant under the supersymmetric transformations themselves. Inspiring ourselves from the
methods used in [11] for the super Korteweg—de Vries equation, we provide a partial answer
to this question. Instead of using the supersymmetric generators (105)—(108) independently,
it may be more to our advantage to consider a complex linear combination. For example,
the combined generator Q = Q; — iQ, has the property that Q% = 0, while the squares of
the generators Q1, Q», Q1 and Qz are bosonic translation generators. A solution of the field
equations (98) will be invariant under the O supersymmetry only if the fermionic fields v,
and y, satisfy the condition 1y, = —iy|. Therefore, in order to impose 0 invariance, we are
required to complexify the fermionic fields. Under these conditions, the bosonic fields 6 and
p will be preserved and we obtain the following simplifications:

@ VY =W, — 1) (1)

1

1 1
= —i(8, +i3,)¥ (1> = ~2i(0:y1) <1> : (117)

using the change of variables z = x +1iy (and 7 = x — iy). The field equations (98) now read
as

pr+V - (pVO) =0,

1 A 2420,
O+ 5 (VO = — — i1 (3:9),
P P (118)
2424,
Y1,+V0 Vi = — ) 1(0:1),
2424,
Vi, +VO0-Vy =+ p 1(0:91).
As a consequence of the last two equations, we get
9:y =0, (119)

which implies that the fermionic potential is of the form v, = v,(z, 1).

Therefore, given any solution 6(¢, x, y), p(t, x, y) of the bosonic planar Chaplygin gas
model (where ¥; = 0), the first two equations of (118) will be satisfied identically. The last
two equations of (118) imply that for any generalization of the bosonic solution to a solution
of the supersymmetric planar model, the fermionic potential 1; must satisfy the equation

Vi, == +10)) Y1 . (120)
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Finally, let us give some examples of solutions to the supersymmetric planar model
constructed through the method described above. It is easy to show that the Legendre-
transformed equation in two spatial equations, given in (113), admits in particular the symmetry
subalgebra {V;, V,, R,} which consists of translation and rotation generators. Let us therefore
consider solutions of equation (113) which are invariant under this subalgebra. The invariants
are s and W, which implies a solution of the form W = W (s). Equation (113) thus simplifies
to the form

—3(W,)* +2s W, W, =0, (121)
and leads to the invariant solution
W= 2K 4 K, (122)

which may be inverted through the two-dimensional Legendre transformation equations (110),
(111) and (112) to give the bosonic solution

xr y? 1 21K}
0(t,x,y) = —+=—+——1"+ K, 1,x,y) = ¢, 123
(6%, y) =+ > 10K2 1 p(t, x,y) 2 (123)
Solution (123) is invariant under the subalgebra {B;, B,, R} in the original (¢, x, y) space.
Postulating a solution of the form Y, = —iy;, we apply equation (120) to the bosonic
solution (123). The equation becomes
Z
Vi, = —;w],z, (124)
which gives us the fermionic potentials
Cot Cot
Uit x,y) = ——, Vo(t, x, y) = - . (125)
X +iy ix—y

Here, Cy is a constant fermionic (odd-valued) Grassmann variable. Equations (123) and (125)
together constitute a solution of the supersymmetric planar model.

Solutions can also be obtained using the field equations (98) directly. For instance, if we
seek a solution which is invariant under the subsuperalgebra {D; — D,, R, Q}, one possibility
is

1, VAt
9(t,x,y)——5(x +59), P(l,x,y)—ﬁ-

Equation (120) then allows us to determine the fermionic functions
Vi, x,y) = Cit(x +1iy), Yo(t, x,y) = Cit(—ix +y), (127)

where C| is a fermionic constant.
Let us mention that the bosonic soliton solution

sinh?(ax + By) 202+ Bt
2w Y G

cannot be extended to a non-trivial supersymmetric solution since equation (120) is not
compatible (i.e. x and y cannot be combined to obtain z).

(126)

0(t,x,y) =

6. Summary and concluding remarks

Through the use of a generalized Legendre transformation, a number of analytic solutions
have been found for the supersymmetric Chaplygin gas in one spatial dimension. For this
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purpose, the subalgebra structure of the symmetry Lie algebra £ was used to obtain group-
invariant solutions of the transformed field equation (21). In many cases, these corresponded
(via the Legendre transformation) to previously determined solutions of the standard field
equations (2)—(4) which are invariant with respect to subalgebras of the Lie symmetry
superalgebra Gy, or generalizations of such solutions. In other cases, the solutions were
completely new. Importantly, due to the very simple form of equation (26) for the field y, the
transformation from the (¢, x) space to the (s, v) space allowed us to easily obtain the form of
the fermionic potential .

In addition, certain basic elements of a possible extension of our method to the
supersymmetric planar model have been formulated. In particular, the (2 + 1)-dimensional
analogue (113) of the transformed equation (21) has been determined, and some of its Lie point
symmetries in (s, v1, vp) space have been identified. For the specific case where ¥, = —iyy,
it has been shown how an invariant solution of (113) can be inverted through the Legendre
transformation and then extended to a solution of the planar supersymmetric model. In the
general case, it has not yet been determined how to incorporate the fermionic potentials ¥/
and v, into the framework of a generalized Legendre transformation in (2 + 1) dimensions.
In particular, the analogue of equation (26) for the planar case remains undiscovered.
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